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Day 2: Curves, Motion, and Neato
Quantitative Engineering Analysis

Spring 2019

1 Schedule

• 0900-0920: Quiz

• 0920-0940: Debrief

• 0940-1030: Parametric Avenue

• 1030-1045: Coffee

• 1045-1215: Differential Drive in Action

• 1215-1230: Preview of the Overnight

2 Conceptual Quiz [20 minutes]

1. Match the following curves and vector functions

1. r(u) = cos uı̂ + sin û A. Helix
2. r(u) = cos uı̂ + 2 sin û B. Circle
3. r(u) = (1 + u)ı̂ + (1 + 2u)̂ C. Ellipse
4. r(u) = cos uı̂ + sin û + 2uk̂ D. Straight-Line

2. A curve in 3D is described by the parametric function r(u). Which
of the following statements are ALWAYS true (assuming the curve
is smooth)?

(a) r′(u) is tangent to the curve.

(b) r′′(u) is normal to the curve.

(c) B̂ = k̂.

(d) N̂ = T̂′
|T̂′ | .

(e) The curvature κ is constant.

(f) The torsion τ is zero.

(g) The length of the curve is
∫
|r′(u)| du.

3. Two bodies move in 3D with position vector r1(t) and r2(t) respec-
tively such that the curve they move along is identical, but the rate
at which they move along it may be different. Which of the fol-
lowing statements are ALWAYS true (assuming that the motion is
smooth)?

(a) At every point on the curve the velocity of body 1 is equal to
the velocity of body 2 because they move along the same curve.
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(b) At every point on the curve the normal component of accelera-
tion of body 1 is equal to the normal component of acceleration
of body 2 because they move along the same curve.

(c) At a given point on the curve, the normal component of accel-
eration of both bodies is equal if the two bodies have the same
linear speed.

(d) At a given point on the curve, the tangential acceleration of both
bodies is equal if the two bodies move along the curve with
different, but constant linear speeds.

(e) Both bodies travel the same distance in the same amount of
time.

3 Debrief [20 minutes]

Discuss the overnight with your table-mates, and make a list of con-
cepts you feel solid on, and concepts you feel shaky on. Make a list of
plus and deltas for this assignment. This debrief is short, but you will
be applying the concepts from the overnight during the next exercise.

4 The NEATO Goes for a Drive on Parametric Avenue [50 min-
utes]

Here we will work to connect the work you did over the weekend to
the upcoming challenge.

A hypothetical NEATO has just gone for a drive, and we have
recorded its position vector r(t). Its path is shown below, and the
dots indicate its position at equally-spaced points in time. It starts
in the bottom left corner and moves along the path until it reaches
the last point. Let’s assume that this is a relatively long drive - the
grid spacing is 1m and the time between samples is 1s. You can ei-
ther work with this path, or you can draw your own curvy path on
the board - just make sure you include discrete points and that the
NEATO moves along the path you create in a non-uniform way.

You might want to use a NEATO sketched on a sticky note

as a stand in for the NEATO as it moves along your path.
If you prefer you could use your phone and try to make

sense of the data from the sensors on the phone.

1. Roughly how long does the NEATO travel for? Roughly how far
does it travel? Roughly what is its average speed?

2. Thinking about the curve only, draw the unit tangent vector T̂ and
unit normal vector N̂ at each of the points indicated.
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3. Thinking about the motion of the NEATO now, draw the velocity
vector and acceleration vector at the same points. How do these
relate to the unit tangent and unit normal vectors? What is their
magnitude? Decompose the acceleration vector into tangential and
normal components.

4. Draw a picture of the NEATO at A, B, C, D, and E, i.e. you are
looking down on the NEATO as it drives along the curve.

5. The NEATO has its own internally defined coordinate system
which is fixed to the robot (this is called a ’body-fixed’ coordinate
system). This coordinate system is used, among other things, for
the readouts from the LIDAR scanner. The NEATO’s coordinate
system has the x-axis pointing forward, the y-axis pointing left,
and the z-axis pointing up. For each of your NEATO pictures on
the curve, indicate the orientation of the NEATO’s own coordinate
system. How does this relate to the T̂ and N̂ vectors?

6. In order for the NEATO to follow the curve, what must be true
about the orientation of the NEATO’s x-axis as it traverses the
curve? What about its y-axis?

7. The NEATO is an example of a ’rigid body’: an object which has
a size (unlike a point particle, which you often consider in intro-
ductory physics) but for which the different parts of the body do
not move with respect to one another (no stretching, bending,
etc). When we study the motion of a rigid body, we can think
about decomposing the motion into two components: the motion
OF the center of the object and the motion ABOUT the center of
the object. In other words, when we talk about the motion of the
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NEATO, in order to give a complete description, we need to spec-
ify the velocity of the center of the robot in the lab x direction, the
velocity of the center of the robot in the lab y direction, and the
rotational motion of the NEATO around its center. This system
has three degrees of freedom: x,y, and θ and we have to give the
velocity for each!

(a) On your picture, indicate the orientation θ of the NEATO at
each of the indicated points. Define θ as the angle of the for-
ward direction of the NEATO (NEATO’s x axis) measured
counter-clockwise from the lab x direction.

(b) The angular velocity ω is a vector quantity whose magnitude
gives the time rate of change of the orientation of the object and
whose direction is the axis of rotation. For an object constrained
to move in 2 dimensions, we can express the angular velocity as

ω = ωk̂

where ω = dθ/dt is the rate of change of angle of orientation.
What direction is the angular velocity vector if the NEATO is
curving to the right? What direction is the angular velocity
vector if the NEATO is curving to the left? (Recall: the angular
velocity follows the right hand rule. What characteristic vector
of your parametric curve is also along this direction?

(c) If the object is constrained to always be oriented along its path
(a NEATO that isn’t slipping for example), then a consistent
mathematical definition of angular velocity ω is

ω = T̂× dT̂
dt

With this definition in mind, give a rough indication of the
angular velocity of the NEATO at various points along the path.
(This definition will be explored more in the overnight).

8. Consider a NEATO that moves according to the following position
vector

r(t) = 0.05tı̂ + 0.05t2 ̂

where r(t) has units of meters and t has units of seconds.

(a) On the board, sketch the path that the NEATO moves along in
10 seconds, roughly indicating its location every second.

(b) Find the unit tangent vector and the unit normal vector.

(c) Mathematically determine the linear velocity, the angular ve-
locity, and the acceleration of the NEATO as it moves along the
path.

(d) Visualize the path and the unit vectors in MATLAB.
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5 Coffee [15 minutes]

6 Differential Drive in Action [90 minutes]

In the first overnight you learned how to determine the velocity and
acceleration of a particle moving along a parametric curve. In the
previous activity, you connected these quantities to the motion of the
Neato moving along the curve. Next, you’ll extend this by consider-
ing not just the overall linear and rotational motion of the Neato as
it moves along the curve, but how the motion of the Neato’s wheels
must be set in order to achieve this overall motion. To accomplish
this you’ll be working through the basic mechanics of differential
drive vehicles. Specifically, you’ll need to understand how the move-
ment of each of the Neato’s wheels translates into movement of the
robot itself. In this section you will be solving two important, and
closely related, problems related to robot motion:

Front of the Robot

Top down view (wheels are exposed for the diagram)

VL VR

Wheel base (d)

Figure 1: A diagram of the Neato’s
differential drive system.

a. Given a desired forward and angular velocity, determine the ap-
propriate velocities of each of the robot’s wheels.

b. Given the robot’s current position, heading, and the velocities of
its wheels, determine the robot’s new position and heading. Note:
solving this problem can be quite useful when you have a sensor that
estimates the actual wheel velocities of your robot (as the Neato does). In
this way you can correct for discrepancies between the intended motion
and what your robot actually did.

Formalizing the Problem The Neato has two wheels equally spaced
about its centerline (see Figure ??). As we saw during day 1, driving
the wheels at different velocities (labeled VL and VR in the diagram)
will achieve different linear and angular velocities.

Exercise 1

In day 1 of this module you built up an intuition for how
movement of each of the wheels for a differential drive ve-
hicle would translate into motions of the robot. Before we
dive into a quantitative treatment of the subject, let’s remind
ourselves of some limiting cases. Determine qualitatively how
the Neato would move (in terms of both linear and rotational
motion) in these cases.

• What if both wheels move forward (positive velocity) with
equal speed?

• What if both wheels move backward (negative velocity)
with equal speed?
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• What if one wheel drives forward and the other moves
backward with equal speed?

• What if one wheel drives forward while the other remains
stationary?

For each limiting case draw some key frames depicting your
prediction of the robot’s behavior over several instants in
time.

Now that you have refreshed your intuition, let’s solve the prob-
lem quantitatively. The key insight is that the robot cannot move
laterally, but instead must have a linear velocity parallel to the direc-
tion of its wheels. As the robot moves along a curve, the robot rotates
about its center in order to keep itself aligned with the forward mo-
tion. Let’s assume that the center of rotation of the robot is located
midway between the wheels.

Exercise 2

Assuming no wheel slippage, the linear velocity V and angu-
lar velocity ω can be expressed in terms of the left and right
wheel velocities VL and VR, and the robot’s wheel base d (the
distance between the two wheels).

V =
VL + VR

2
(1)

ω =
VR −VL

d
(2)

Does this make sense? Can you confirm these expressions?
Can you think of some test cases to validate these expres-
sions? (hint: you just thought about some in the previous
exercise!)

Exercise 3

Solve equations (1) and (2) in order to express the left and
right wheel velocities in terms of the linear and angular ve-
locities and wheel base and show that

VL = V −ω
d
2

(3)

VR = V + ω
d
2

(4)

Does this make sense? Can you think of some test cases to
validate these expressions?
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6.1 Validating your Model

The equations in the previous section define a motion model for your
robot. As with any model, you shouldn’t expect it to be perfect. Next,
you will be designing and carrying out an experiment to determine
the strengths and weaknesses of your model.

Exercise 4

There are many ways to validate the motion model of your
robot. Design a few experiments that one could perform in
order to establish the accuracy of your model. This question
is meant to help you think conceptually about what it means
to do validation in this context, so don’t get hung up de-
signing an experiment that you will actually be performing
(that is the point of the next question). For each experiment,
specify the following.

1. What is the goal of your experiment (i.e., what are you
trying to validate)? Some experiments will be appropriate
for validating that your model has the right qualitative be-
havior. These sorts of experiments are useful for catching
discrepancies between the model you tried to work out
and the equations you actually derived. Other experiments
are useful for validating your model quantitatively. For
instance, you might be interested in determining the accu-
racy of your model, or determining an optimal value for
some model parameter.

2. Describe the experimental procedure. What motor com-
mands will you send to the robot (e.g., you will send
commands to have the robot drive straight for 10 seconds)?

3. What will you observe and/or measure?

4. How will the observations or measurements help you
achieve the goals enumerated in (1)?

5. Are there any weaknesses in your proposed experiment?
Another way to think about it is: are there any major as-
sumptions you have to make in order to carry out the
experiment? Every method of validation has weaknesses,
this question is designed to prompt you to think about
and then articulate these explicitly.

It may help to think about some equipment for measuring
robot motion. What if you used the motion capture lab? What
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if you validated your model outside with your phone’s GPS?
What if you only had access to a ruler and a protractor?

Exercise 5: actually using the NEATO. Yay!

Choose an experiment (or family of experiments) to perform
to validate the accuracy of the motion model of your robot.
Your experiment should be something that is relatively easy
to do (i.e. uses simple tools) and has a well-defined and easy
to compute measure of your model’s error with respect to the
collected data. We suggest choosing fixed values for VL and
VR using a command of the form (where V_L and V_R are
the left and right wheel velocities that should be updated):

pub = rospublisher(’/raw_vel’);

msg = rosmessage(pub);

msg.Data = [V_R, V_L];

send(pub, msg);

prompt = ’Press Enter to Stop Robot’;

str = input(prompt,’s’);

if isempty(str)

msg.Data=[0,0];

send(pub,msg)

end

In this example block of code you will use the input func-
tion to wait until the user presses enter before stopping the
robot. In the overnight you will explore using the tic and toc
functions to have the robot drive for a set period of time.
For your estimated value of d (which you can obtain by di-
rectly measuring the wheel base), determine the predicted
motion of your robot. Make a table of this prediction versus
your robot’s actual behavior for at least 3 trials. Hint: if you
chose to use fixed values of VL and VR you may consider
comparing the predicted total rotation and/or the predicted
radius of curvature of your robot to your measurements
of these quantities. Compute the total error between your
predictions and the measurements of the robot’s behavior.
Compare the accuracy of your predictions for slightly dif-
ferent values of d (both higher and lower) with those for the
measured value of d. Which value of d appears to be best? Do
you have any theories as to the sources of error that could be
causing your model not to be 100% accurate?
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If you have time, you can also try comparing your results to
using the /cmd_vel Ros topic which takes data in the form of
a twist message which takes the linear and angular velocities
instead of the left and right wheel velocities. Try running the
code below (replace V_linear and V_angular) and compare
the results to the experiments you performed using VL and
VR.

pub = rospublisher(’/cmd_vel’);

msg = rosmessage(pub);

msg.Linear.X = V_linear;

msg.Angular.Z = V_angular;

send(pub, msg);

prompt = ’Press Enter to Stop Robot’;

str = input(prompt,’s’);

if isempty(str)

msg.Linear.X = 0;

msg.Angular.Z = 0;

send(pub,msg)

end


